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INTROD U C T I O N
The (visco)elastic-gravitational dislocation theory was published in the early 1980s (Rundle 1980a (Rundle ,b, 1981 (Rundle , 1982 ; it extended the existing elastic dislocation theory (Ben Menahem & Singh 1968; Singh 1970) by including the coupling between deformation and the Earth's gravity field. As in the pure elastic case, the elasticgravitational boundary-value problem is commonly solved using the propagator algorithm (Thomson 1950; Haskell 1953 ). In contrast to the former, however, a critical wavenumber (Rundle 1981) seems to exist when the gravity effect is included. Below this critical wavenumber the kernel functions may exhibit one or more singularities, depending on the elastic stratification of the model used.
The singularity problem also arises in the modelling of postglacial rebound. When computing the postglacial rebound in a layered, compressible and viscoelastic-gravitational half-space, the problem is usually avoided by neglecting the internal buoyancy term in the equations of motion (Wolf 1985) . The interested reader is referred to a recent paper of Klemann et al. (2003) for an in-depth analysis of the problem. Rundle (1980b) found the singularities to be simple poles and used the Cauchy principal value integral (Longman 1960) for calculating the contributions of these poles to the deformation field. Recently, Wang (2005) found that these singularities are in fact caused by the physically inconsistent model used. This paper will analyse possible consequences of the mistake for modelling co-and postseismic deformation, particularly of large earthquakes, and present a consistent way to correct it.
Recently, attempts have been made to calculate co-and post-seismic deformation based on spherical self-gravitating earth models (Pollitz 1997; Wang 1999) . In comparison with the planeearth models, the spherical models provide more realistic results, particularly for long-wavelength fields, by taking the earth's curvature into account. On the other hand, however, it is known that the static or quasi-static deformation induced by even the largest earthquake is generally restricted to within a few hundred kilometres around the ruptured fault. The effects due to the Earth's curvature within such a distance range should be negligible compared with those due to uncertainties in the earthquake's source parameters and to lateral inhomogeneities in the crustal structure. An obvious advantage of the layered plane-earth models is their simple analytical or semi-analytical character for dealing with extended earthquake sources (Okada 1992) . In fact, plane-earth models are currently widely used for inverting earthquake source parameters from coand post-seismic surface deformation data.
In the last decade, revolutionary improvements have been achieved in space geodesy. Using the Global Positioning System (GPS) and the interferometric Synthetic Aperture Radar (InSAR) technique, local to regional crustal deformation can be measured with millimetre accuracy. At the same time, gravity satellite missions such as CHEMP and GRACE make it possible to recover millimetre to submillimetre geoid changes at regional to global scales. This new development poses more stringent requirements on the deformation models. With today's computing resources, these requirements can be fulfilled by most commercial finite-element modelling (FEM) tools, but some simple semi-analytical methods are still helpful because they are fast and can cover a large part of practical applications of seismic modelling, and in particular they provide reliable references for the FEM. Therefore, the correction of the wrong treatment in the previous (visco)elastic-gravitational dislocation theory based on plane-earth models is of both theoretical and practical interest.
THE C AU S E O F T H E S I N G U L A R I T I E S
The extension for including the gravity effect, first made by Rundle (1980a) , is based on the general governing equations for the infinitesimal static deformation in a self-gravitating, hydrostatically pre-stressed, linearly elastic and isotropic earth (Love 1911) :
Here, u is the displacement vector, ψ is the local incremental potential, g is the Earth's acceleration (gravity), G is the gravitational constant, ρ is the density, and Γ is the incremental Cauchy stress tensor in the material description, which is related to the strain by Hooke's law,
where λ and µ are the Lamé constants. In order to apply eqs (1) and (2) to a simplified half-space earth model, Rundle approximates the Earth's gravity g by its surface value and treats it equivalently to a constant external body force. In subsequent papers (Rundle 1980b (Rundle , 1981 (Rundle , 1982 , he shows that the self-gravitating term, ρ∇ψ in eq. (1), is negligible. In practice, it is sufficient to consider the so-called reduced problem, in which the deformation equations are decoupled from the potential field equation.
To construct the Haskell propagator for the reduced problem, four fundamental Hankel-transformed solutions of the P-SV type and two of the SH type are needed. The SH solutions include no volume changes and therefore are not affected by the gravity field. The four fundamental P-SV solutions are expressed in the form
T represents the generalized 4D stress-displacement vector, k is the horizontal wavenumber, and ±m 1,2 are the four vertical wavenumbers given by the eigenvalues of the characteristic equation of the system,
For µ = 0, the vertical wavenumbers can be given in the analytical closed form
with
In the elastic case, k g is a positive real number, called the gravitational wavenumber of the model. Note that, in this case, m 1 is always real, whereas m 2 is real for k ≥ k g but purely imaginary for k < k g . In the fluid limit (µ → 0), however, eq. (4) has no solutions. Without loss of generality, consider a homogeneous elastic halfspace with an arbitrary source acting on the surface. For k > k g , the regularity conditions at infinity (z → ∞) require that the two irregular solutions Y + 1 (k)e m 1 z and Y + 2 (k)e m 2 z , which do not converge to zero for z → ∞, should be omitted. Thus the desired kernel function is expressed in the form
where C − 1 and C − 2 are two free constants to be determined by the two surface conditions.
A difficulty arises for k ≤ k g , however, because then only a single regular solution can be used, i.e.
This implies that one free constant has to satisfy two in general independent surface conditions. In other words, the boundary-value problem is unsolvable for wavenumbers k ≤ k g . If the half-space medium behaves viscoelastically, the problem is commonly solved using the correspondence principle. According to this principle, the corresponding elastic solution can be adopted for the viscoelastic problem, if the elastic moduli therein are substituted with the Laplace or Fourier transformed complex moduli. In this case, k g is complex, too, but takes positive real values at the real s-axis, where s is the Laplace time-conjugate parameter. Accordingly, the time-domain solution for the viscoelastic half-space cannot be achieved because any integration contour for the inverse Laplace transform has to pass through the real s-axis.
This unsolvability problem was probably not noticed by previous authors. In fact, all formulae based on eq. (8) were implicitly extrapolated from the valid wavenumber range k > k g to the invalid range k ≤ k g . Consequently, the kernel functions obtained exhibit non-physical singularities. Furthermore, the mathematical approach for taking account of these singularities was incorrect (Wang 2005) .
In practice, a layered half-space representing the crust-mantle structure is often used. In this case, the unsolvability exists only for the lowest infinite and compressible half-space. For layers above the half-space, all four fundamental solutions are regular and the response function in these layers is generally expressed in the form
where four free constants C ± 1,2 are to be determined by four continuity conditions of the displacement-stress vector. For k < k g in the elastic case, the two complex conjugate functions e ±m 2 z can be replaced by the real functions sin (|m 2 |z) and cos (|m 2 |z). Usually, a numerical problem does not exist for these layers above the half-space as long as they are solid media (µ > 0). A special case is when k takes a value equal or very close to k g , where k g is the gravitational wavenumber of the layer considered. In this case, m 2 → 0 and the two corresponding fundamental solutions Y 
A CON S I S T E N T WAY T O O V E RC O M E T H E U N S O LVA B I L I T Y
In theory, the unsolvability can be avoided by using different approximations . To model earthquake co-seismic deformation, for example, homogeneous or layered elastic half-space models are usually used. The gravitational wavenumber of such models is generally much smaller than the characteristic wavenumber of the deformation field. Thus, one can simply cut off the wavenumber integration for k ≤ k g . At long timescales, however, the effective shear modulus of the lower crust becomes very small and the ductile flow will govern the deformation process. In this case, the gravitational wavenumber can be so large that the cut-off approach may lead to significant errors.
As has been stated above, the unsolvability occurs only when the gravity effect in the infinite half-space is taken into account. The problem can be avoided by using models consisting of a number of compressible layers over a half-space that is either incompressible or non-gravitational (k g = 0 in both cases). In fact, from a physical point of view, it does not matter which rheological property is chosen for the half-space if the layers below the source are thick enough. One can even use models with a finite thickness with certain artificial constraints on their bottom, such as the approach used in FEM. However, from numerical experiments I found that this is not a satisfactory way for solving the entire problem. From eq. (7), the gravitational wavenumber increases as the shear modulus decreases, as a result of the viscoelastic relaxation. At the long-term limit, i.e. for very small µ values, any finite compressible layer becomes practically infinite in comparison with the gravitational wavelength (1/k g ). When µ → 0, the modelling results will show oscillatory behaviour. In other words, numerical instability appears instead of the unsolvability.
As shown by Hanyk et al. (1999) , this kind of numerical instability also exists for a compressible and self-gravitating sphere. Longman (1963) solved the problem using the Adams-Williamson condition, which requires a density gradient as a result of the initial hydrostatic equilibration, namely
where the parameter κ = λ + 2µ/3 is the bulk modulus, which is usually assumed to be constant during the viscoelastic relaxation. Longman's treatment can be adopted for layered half-space models. When the density gradient is included, the equation for the reduced problem takes the form
where g = ge z has been used. According to most seismic reference models, the AdamsWilliamson condition is well satisfied in the deep structure but less satisfied in the shallow structure of the Earth. On the other hand, however, any density-depth profile can always be approximated by a stack of layers satisfying this condition. In fact, the density variation due to the hydrostatic gradient is small: for example, it is about 5 per cent for the whole lithosphere of thickness about 100 km. Therefore, after its gradient has been explicitly considered, the remaining density parameter ρ in eq. (12) can still be treated as a constant value, so that the equation system can be solved analytically as before.
The characteristic equation of the system reads, then,
can be called the modified gravitational wavenumber. The four vertical wavenumbers are
Note that the real part of ±m 1,2 never vanishes for any k > 0. Therefore, the unsolvability will not occur for the compressible half-space. For any realistic earth model, the modified gravitational wavenumberk g is very small (≤10 −3 km −1 for κ ≥ 10 10 Pa), even when the shear modulus may relaxed to zero. For k k g , m 1 ∼ m 2 → k and the gravity effect will lose more and more of its significance. Then the elastic-gravitational solutions can be replaced by the pure elastic solutions.
NUME R I C A L T E S T S
In this section it will be demonstrated with a simple example what consequences can arise from using the non-regular solutions. In this example, a point dislocation source in an elastic-gravitational halfspace is considered. The kernel function of the vertical displacement is first computed by the algorithm presented in Rundle (1982) . The results are shown in Fig. 1 . Since we are concerned here only with the gravity effect, the part due to the elastic response has been subtracted from the total function values. The example shows clearly that (1) the non-regular kernel function becomes complex below the Figure 1 . Kernel functions for the gravity effect on the vertical displacement (downward positive) due to a unit point dislocation (compensated linear vertical dipole) at a depth of 30 km in a homogeneous elastic-gravitational half-space (ρ 0 = 3.3 × 10 3 kg m −3 , λ = µ = 3 × 10 10 Pa) computed by the algorithm used by Rundle (1982) . k g is the gravitational wavenumber defined by Rundle. In this case, k g ∼ 4 × 10 −7 m −1 , which corresponds to a wavelength of 2500 km. gravitational wavenumber, and (2) it is singular at a position slightly greater than the gravitational wavenumber. Both are non-physical consequences for the pure elastic model used.
As has been mentioned, the non-regularity can also be avoided if the coupling between gravity and deformation is neglected for very large depths. Fig. 2(a) shows the results obtained by using this approximation for two different models. Model A is a homogeneous elastic half-space. Model B consists of an elastic layer over a ductile half-space in order to simulate the post-seismic relaxation in a simplified way. In both models, the gravity is set to zero for depths larger than 600 km. Rundle's approach seems to work well for Model A, but becomes unstable for Model B, showing that this simple approximation is not a satisfactory way of solving the problem. Fig. 2(b) , however, shows that both the singularity and instability problems can be solved satisfactorily by including the Adams-Williamson density gradient in the models.
Note that the singularity and instability problems only appear in the low-wavenumber range. For k ≥ 10k g , for example, there are no significant differences between the non-regular and the regularized solutions. Therefore, the singularity and instability problems may result in long-wavelength numerical effects in the deformation models. In the near-field they may appear in the form of a nearly constant offset. Kernel functions (real part only) of two elastic-gravitational halfspace models, computed by using (a) Rundle's approach and (b) the approach suggested in this study. The dislocation source is the same as used in Fig. 1 . Model A is the homogeneous half-space with density ρ 0 = 3.3 × 10 3 kg m −3 , bulk modulus κ = 5 × 10 10 Pa, and shear modulus µ = 3 × 10 10 Pa. Model B is the same as Model A, except for the shear modulus, which is stratified: µ = 3 × 10 10 Pa for the upper 60 km and 1.5 × 10 10 Pa for the half-space below this depth. When using Rundle's approach, the gravity is set to zero if the depth is larger than 600 km in order to avoid the non-regularity problem at infinity.
A REA L I S T I C E S T I M AT I O N O F T H E G R AV I T Y E F F E C T O N C O -A N D P O S T -S E I S M I C D E F O R M AT I O N
The present regularization approach has been numerically tested on the examples considered in Rundle (1982) for the surface uplift (subsidence) induced by a 30
• dipping thrust fault in an elastic layer over a ductile half-space. The layer has a thickness H = 60 km, density ρ 0 = 3.3 × 10 3 kg m −3 , bulk modulus κ 0 = 5 × 10 10 Pa and shear modulus µ 0 = 3 × 10 10 Pa. The half-space has a density ρ 0 = 3.8 × 10 3 kg m −3 and the same bulk modulus (κ = κ 0 ) as the layer but different values for the shear modulus, µ = 1, 0.1, 0.001µ 0 , for simulating the effective relaxation in the lower crust at co-seismic, post-seismic, and geological timescales, respectively. The fault plane is 400 km along the strike and 120 km along the dip. The surface uplifts in all cases are calculated for a profile along the symmetric axis perpendicular to the fault strike.
For comparison, the same problems were computed using the code FLTGRV provided by Fernández et al. (1996) , in which the non-regular solutions given by Rundle in the early 1980s are used. Fig. 3 shows the results for µ/µ 0 = 1, corresponding to the co-seismic case. Without the gravity effect, this is in fact a homogeneous half-space model which can be calculated analytically (Okada 1992) . The software FLTGRV provided a gravity effect whose maximum magnitude reaches about 8 per cent of the maximum uplift in the epicentre. As expected, the gravity effect given by FLTGRV appears to include a nearly constant offset of about 5 per cent throughout the whole 700-km profile (Fig. 3b) . If the present regularized algorithm is used, however, the magnitude of the gravity-induced subsidence is reduced to 1-4 per cent appearing within about 100 km of the fault area. For large thrust-faulting events in subduction zones, such as the 1960 Chilean earthquake with a slip of up to 20 m (Plafker & Savage 1970; Plafker 1972) , the maximum co-seismic uplift may be as large as 5-6 m. The magnitude of the offset included in the FLTGRV results may reach 20 cm or more, which is comparable with the true gravity effect in the epicentral area. If this offset is corrected, however, the discrepancy between the two algorithms will not be so significant, indicating that it is indeed caused by the non-regularity in the low-wavenumber range.
For the deformation models at the post-seismic and geological scales (Figs 4 and 5) , the gravity effect is at levels of about 10 and 20 per cent (peak-to-peak), respectively. In both cases, the gravity effect computed by FLTGRV includes an offset of the same order as or even larger than its true amplitude.
Further evidence showing that these offsets are non-realistic can be found by observing the mean uplift along the computed profile (Table 1 ). In the present study, it is 2.6 per cent of the fault slip in the co-seismic case, and this value remains nearly unchanged at long timescales. In contrast, the mean uplift given by FLTGRV is only 0.5 per cent in the co-seismic case and is even negative (subsidence) at the long timescales because of the offsets. The latter result is certainly inconsistent with the thrust faulting considered. Table 1 gives the ratio between the maximum uplift and the maximum subsidence induced by the thrust event considered here. The results show that this ratio can be significantly modified by the relaxation and gravity effect. It decreases from the co-seismic value of 7.1 to the post-seismic value of 3.0 and converges to 1.4 at a geological scale. Note that, although these results were obtained for the thrust fault, they are also valid for a normal fault with the same Figure 5 . As Fig. 3 , but with the relaxed shear modulus of the half-space reduced by a factor of 1000 (simulating the ductile flow). Table 1 . Comparison between the computational results by FLTGRV and this study for the surface uplift (subsidence) induced by a thrust earthquake in an elastic layer over a ductile half-space (Figs 3-5 ) . The ratio µ/µ 0 gives the contrast in the shear modulus between the layer and the half-space. u mean z /U is the mean uplift along the 700-km profile (−300 km ≤ Y ≤ 400 km), normalized by the slip U on the thrust fault, and |u max z /u min z | the maximum uplift-subsidence ratio. dip angle, if the inverse ratio, i.e. the ratio of the subsidence to the uplift, is considered. Although the models used here are very simple, the predictions agree well with observations. For example, it has been found from InSAR data that the subsidence-uplift ratio for the 1995 Dinar (SE Turkey) earthquake (normal fault) is 8-9, while geological studies of such normal faults have shown that this ratio is more like 2 or 3 (see e.g. Wright 2002 ).
DISC U S S I O N A N D C O N C L U S I O N S
The boundary-value problems for co-and post-seismic deformation in the Earth's crust based on a homogeneous or layered, (visco)elastic-gravitational and compressible half-space model are unsolvable for wavenumbers smaller than a certain critical value k g . This unsolvability had not been noticed by previous authors. Instead, they tried unintentionally to solve an unsolvable system either through numerical integration or implicitly by analytical extrapolation from the valid wavenumber range (k > k g ) to the invalid range (k ≤ k g ). It has been shown that such non-regular solutions were used in the previously published algorithm. Furthermore, the mathematical treatment of the non-physical singularities was incorrect.
All these mistakes may lead to significant errors in the numerical results not only for the far-field but also for the near-field deformation (the offset). The physical reason for the unsolvability is the unstable initial state of the half-space model used. Mathematically, the problem can be simply avoided when the model is replaced by a thick compressible layer over an incompressible or non-gravitational half-space. However, the long-time instability may appear if a Maxwell constitutive law is applied to the shear modulus of the thick viscoelastic layer. This study suggests a consistent and effective way to solve the problem, in which the hydrostatic density gradient is included according to the Adams-Williamson condition. For most realistic earth models, this condition requires a density increase of about 5 per cent from the surface to the bottom of a lithosphere with 100-km thickness.
Based on the regularization approach presented in this study, a more realistic estimation of the gravity effect on earthquake co-and post-seismic deformation has been made. For large thrust events in the subduction zones, such as the 1960 M w = 9.5 Chilean earthquake, the gravity may modify the co-seismic uplift by up to 20 cm, that is about 4 per cent of the maximum total uplift of 5-6 m on the rising plate side. At the long timescale, the gravity effect reaches up to 20 per cent due to the ductile flow in the lower crust. For earthquakes of small to moderate magnitudes, whose coseismic deformation field is of wavelength within about 100 km, the gravity effect is of second order and therefore negligible. In particular, this study has shown that an elastic-gravitational deformation model would become even less reliable than the corresponding pure elastic model, if the coupling between gravity and deformation were considered in the incorrect way, as done in previous publications.
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